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Abstract- The general method of Izakson and Miliikan for the derivation of the well-known Prandtl- 
Nikuradse skin friction law is applied to the analysis of turbulent heat ahd mass transfer in pipes, channels. 
and boundary layers. The formula for the heat (or mass) transfer coefficient (or the Nusseh number) is 
obtained which contains the dimensionless coefftcients of the universal logarithmic equations for the 
velocity and temperature profiles as parameters of the formula. One of these parameters is a universal 
function of Prandtl (or Schmidt) number and all the others are constants. The existing velocity and tem- 
perature profile measurements in various turbulent wall flows permit the determination of all the necessary 
coefficients with fair accuracy. The resulting calculations are in satisfactory agreement with numerous 
experiments on heat and mass transfer in pipes and boundary layers on a flat plate over the Prandtl (or 
Schmidt) number range from 6 x 10m3 to I@ and over two orders of magnitude of Reynolds (or P&cl&) 
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constant in the equation for the 
boundary layer thickness L ; 
dimensionless thickness of a mole- 

CP, 

cular diffusivity sublayer in the 
two-layer Prandtl-Taylor model ; 
COnStantS in the equations for Ed 

and err in the neighbourhood of a : fi7f2, 
wall : j, 
l/k, constant in the universal k, 
velocity profile equation : L 
constants in equations (26) and 
(27): 
constants in the universal velocity 
profile equations; 

m, 

constants in the universal skin 
friction laws ; NW Nu,, 
constant in equation (9); 
skin friction coefficients based on Pe, Pe,, 
maximum velocity and bulk velo- Pr, 
city, respectively ; 
dimensionless heat or mass trans- Pr,, 
fer, coefficients (i.e. thermal or 
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diffusion Stanton numbers) based 
on maximum and bulk values, 
respectively : 
specific heat capacity at constant 
pressure (to be replaced by unity 
in case of mass transfer); 
2L, pipe diameter ; 
universal functions ; 
heat or mass flux at wall ; 
l/A, K&man constant ; 
typical vertical size of the flow 
(channel halfwidth, pipe radius. or 
boundary layer thickness); 
exponent in the equations for eM 
and sH in the nejghbourho~ of a 
wall : 
C,RePr, c,,ReiPr, Nusseh num- 
bers ; 
RePr, ReI Pr, PC&t numbers ; 
v/x, thermal or diffusion Prandtl 
numbers ; 
.cM/eEI, turbulent Prandtl number 
inside the logarithmic layer ; 
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Re, Re,, Re,, U,LIv or U,DJv, U 1 Llv, U ,XJV ; 

Reynolds numbers : 
mean velocity : u, 

u’, II’, 

u*, 
x, 

Y, 

Y+, 

Y1+,Y2+ 

Z, 

a, 

components of the velocity tluctu- 
ation ; 
(zip)+, friction velocity ; 
coordinate measured normal to a 
of mean velocity ; distance from 
leading edge of a plate; 
coordinate measured normal to a 
wall ; 
yu,/o, dimensionless distance from 
a wall for wall region of the flow ; 
dimensionless thickness of the 
molecular diffusion sublayer and 
the viscous sublayer, respectively ; 
coordinate measured in direction 
normal to mean velocity; 
A&,, constant in the universal 
temperature (or concentration) 
profile equation ; 
universal function of Pr entering 
into the temperature (or con- 
centration) profile equation ; 
constant in the universal tem- 
perature (or concentration) pro- 
tile equation ; 
constants in equations (19) and 
(20) ; 

y(Pr), y,(Pr), y2(Pr), universal functions of 
Pr entering the heat and mass 
transfer laws ; 

4 correction factor defined by equa- 
tion (32) ; 

EMM, eddy viscosity : 

En, eddy (thermal or mass) diffusivity ; 

L u,L/v, Reynolds number based on 
friction velocity : 

% y/L, dimensionless distance from 
a wall for outer region of a tlow ; 

‘I19 function of Pe and C, in equation 
(32); 

0, mean temperature or concentra- 
tion ; 

O., jJc,pu, friction temperature (i.e. 
heat flux temperature or mass 

@+, 

Subscripts 
b, 
I, 
,“, 
+, 

THIS paper 

flux concentration) : 
(0, - 0)/O, dimensionless tem- 
perature or concentration : 
kinematic viscosity : 
density : 
wall shear stress: 
universal functions : 
molecular diffusivity for heat or 
mass transfer. 

bulk quantities : 
maximum quantities : 
wall quantities : 
dimensionless quantities. 

1. INTRODUCTION 

is devoted to the derivation of a 
general heat and mass transfer law for a wide 
variety of turbulent flows along a flat smooth 
wall at sufficiently high Reynolds and PC&t 
numbers.* It will be assumed that the wall 
coincides with the plane y = 0, that the wall 
temperature (or wall concentration of a diffusing 
substance) is constant, and that the flow is a 
steady, parallel, turbulent flow in the -u-axis 
direction with zero mean pressure gradient. 
Thus statistical homogeneity is assumed in the 
streamwise (x) as well as in the spanwise (z) 
direction. It is known that the stated assump- 
tions are approximately valid with a reasonable 
accuracy for pipe and plane channel flow and 
for boundary layer flow along a flat plate with- 
out strong longitudinal pressure gradient. In 
the following, only these last three types of flow 
will be considered. It will be confined to the 
case of an incompressible fluid and a regime of 
dynamically passive (i.e. having no dynamic 
effect) heat or mass transfer. It then follows that 
in the heat transfer problems presented below. 
only forced convection conditions will be 

* The preliminary announcement of the results of this 
study was published as a short note [ 11. After the work was 
completed, it became known to the authors that a similar 
approach to the derivation of a heat and mass transfer law 
was also indicated (without any analysis of the data) in an 
unpublished lecture of Fortier [2]. 
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considered, fluid properties will be taken as 
constant, and viscous dissipation will be neg- 
lected. Hence only the case of relatively low heat 
transfer density is relevant to the analysis. It is 
also clear that the assumption of streamwise 
homogeneity is satisfied only for a fully deve- 
loped heat or mass transfer region ; hence the 
thermal or diffusion entrance region of a flow 
must be excluded from consideration. 

The principal physical processes in a turbulent 
flow along a horizontal wall are the vertical 
transfers of momentum, heat and mass. The 
momentum transfer is due to friction between 
fluid and wall: it is described by the dimension- 
less skin friction coefficient c/ = 2f~.!U,)~ or 
C, = ~(u,,/V,)~ where u+ = (z,,/p)* is the friction 
velocity, r,,,--wall shear stress, U,--maximum 
mean velocity on a pipe or channel axis or a 
free stream velocity outside the outer edge of a 
boundary layer, and U,--bulk velocity, i.e. the 
mean velocity averaged over the pipe or channel 
cross-section. The functional dependence ot’ cJ 
or C, on Reynolds number Re, = U, L;v or 
Re = U,,Lp is called the skin friction law or the 
resistunce Iuw. The length scale L is a typical 
vertical size of the flow (for example, the channel 
halfwidth, the tube radius, or the boundary 
layer thickness). 

Many different empirical skin friction laws 
have been proposed by various authors. How- 
ever, the most interesting laws, from a physical 
point of view, are the Prandtl-Nikuradse skin 
friction law for pipe and channels flows and the 
closely related I&man skin friction law for a 
boundary layer flow. Both of these laws can be 
justified theoretically with the aid of general 
similarity arguments. Such a derivation of the 
laws was proposed in the important papers 
[3,43 which are based on the general idea put 
forward by Izakson [5]. This derivation can be 
found in a number of books and review papers 
(e.g. [G-S]). Since the derivation is the starting 
point of all the reasoning below, it seems 
reasonable to repeat it here briefly. 

The similarity and dimensional arguments 
show that a mean velocity protile within a thin 

layer adjacent to the wall (at y 4 L) must satisfy 
the Prandtl wall law : 

U(y) = u*f 7 0 
On the other hand, if Re, is high enough, then 
the K&man velocity defect law must be valid 
in an outer turbulent region (at y+ = yu,‘v $- 1) 

U1 - U(y) = U,fi ; 
0 

. 

It is also clear that 

(21 

u,=u*f,~ . ( > 
Moreover an overlap layer exists at high enough 
Re, where both the laws (1) and (2) are valid 
simultaneously. If such a layer exists, then 
equations (l)-(3) imply the functional equation 

This equation was tirst obtained by Izakson [5] 
and it can be solved quite easily with the aid of 
successive dit~erentiation with respect to y and 
L. The general solution of (4) has the form 

jy+) = A lny, + &f,(q) = -Aln~ + a,, 

f2(c) = A In 5 + B + B,. (5) 

where y+ = ya+‘v, ~1 = y/L. and [ = u,Lv. The 
experimental data show that A = l:li * 2.5 
(i.e. Karman constant k z 0.4), B z 5 (but B 
is known less precisely than A), and B1 is rather 
close to zero for pipe and channel flows while 
B, x 2.35 for boundary layer flow along a flat 
plate (see e.g. Es]). 

The last of equations (5) can be rewritten in 
the form 

,/(2/c,) = A ln (RelJcl) + I%, 

In 2 
B2 = I? -I- B, - A 2-. (6) 

Let us now note that the distance SC from the 
leading edge of a plate is much easier to measure 
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in the case of a boundary layer over a plate than defect law is valid up to the pipe or channel 
the boundary layer thickness L. It is known that axis (and hence B, = 0), then B4 = A z 25 for 
the relation L = a(u,/U&, where a = constant, channel flow and B4 = 1.5 A 8 3.75 for pipe 
is valid with satisfactory accuracy for zero flow. These estimates of B4 have fair precision, 
pressure gradient boundary layer llow over a since the assumption introduced is sufficiently 
flat plate [8,9]. Hence (6) implies the approxi- accurate for fully turbulent pipe and channel 
mate equation flows. Equations (6) and (9) imply the relation 

J(2/cI) = A In (R e,cf) U,X + B,, Re, = ~-~ . 
1’ 

B, = B, + AIn;. (7) 

This is the KArmAn skin friction law for boun- 
dary layer Uows. It agrees well with experiments 
on setting B, z 2.4. 

In the case of pipe and channels flows alm~~st 
all the data are given with reference to the 
variables C, and Re and not cJ. and Re,. Hence 
the friction law (6) must be transformed accord- 
ingly using the equations 

L 

U, = ; 

s 

U(y) dy 

0 

and (8) 
L 

u, =A s (L-y)Uy)dy 
0 

the first of which refers to channel flow and the 
second to pipe flow. Let us neglect the thin wall 
layer of the direct molecular viscosity influence 
(i.e. viscous and buffer sublayers). In other words, 
let us suppose that the velocity defect law (2) is 
valid at any y: this supposition is quite justified 
if Re, is sufficiently high. Then equations (2) 
and (8) yield the relation 

1 

where B4 = [fi(q) dq for channel flow and 
b 

B4 = 2 i(1 - q)fi(v) dr] for pipe flow. If we 

assume that the logarithmic form of a velocity 

where j,,, is the heat or mass flux at the wall, 
0, is the wall temperature or wall concentration 
of the diffusing species, @,-temperature or 
concentration at the axis or at the outer edge ot 
a boundary layer, 0 -bulk temperature or 
concentration, and c$specific heat capacity at 
constant pressure (it is supposed here and in all 
subsequent equations that cp = 1 for the mass 
transfer problem). The Nusselt number Nu, = 
c,Re,Pr or NM = C,,RePr is often used instead of 
c,, or C,: here Pr = v/x is the thermal or diffusion 
Prandtl number (i.e. Prandtl or Schmidt num- 
ber). The dependence of c,, or Re, and Pr or C, 
on Re and Pr is called the heut or muss transfer 

luw Many empirical forms of the heat and mass 
transfer law can be found in the literature. They 
are valid for different ranges of Reynolds and 
Prandtl numbers and for various types ot 
turbulent flows. It will be shown below that the1 
general theoretically justified form of the laws 
can be established very simply quite similarly to 

J(2/C,) = A In (Re JC./) + B5 (IO) 

where B, = B, + B4. Equation (10) is the 
famous Prandtl-Nikuradse skin friction law for 
pipe and channel flow. 

Let us now consider turbulent heat or mass 
transfer from the wall. The main dimensionless 
characteristic of such a transfer is the heat or 
mass transfer coefficient (identical to the thermal 
or diffusion Stanton number) 

j, Ch = 
cpprJl (0, - o,, 

or 

c, = - j, 
“PPUb (0, - 0,) 
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the above derivation of K&m&n and Prandtl- 
Nikuradse skin friction laws. The obtained 
equation contains some unknown quantities, 
but all of them can be determined at present with 
fair accuracy from existing experimental data. 

2. DERIVATION OF THE LAWS 

The natural temperature or concentration 
scale 8, = j,,,/c,pu, was introduced (for tem- 
perature only) by H. Squire [lo] in 1951 who 
called it a friction temperature *. We think 
however that the term heat flux temperature 
(in the heat transfer case) or mass flux con- 
centration (in the mass transfer case) would be 
more appropriate. In a wall layer (at y G Z) the 
vertical length scale L cannot play a role at ail ; 
hence the temperature or concentration distri- 
bution within the wall layer is determined by 
the quantities j,, p, cp, u,, v and x. The dimen- 
sional arguments yield the thermal or diffusion 
wall law valid for a wall layer 

0, - Q(y) = Q,cp y, Pr ( > (11) 

This law was first formulate by H. Squire [lo]. 
On the other hand, if the Reynolds number Rt, 
and PC&t number Pe, = Rf,Pr are high 
enough then the turbulent heat or mass transfer 
will be much greater than the molecular transfer 
in an outer turbulent region of a flow. Con- 
sequently the temperature or concentration 
differences in the outer region must be indepen- 
dent on the molecular constants v and x. This is 
a general Reynolds and P&l& number similarity 
principle which is quite analogous to the well 
known Reynolds number similarity principle. It 
follows that the temperature or concentration 
defect law must be valid in the outer turbulent 
region 

* The same quantity was in lact also used without any 
special name by Landau and Lit’shit in I9-l4 (in the frrst 
Russian edition of the book [9]) and by Obukhov [11] in 
1946. 

W. Squire [12] was apparently the first to 
suggest this law. Both the laws (II) and (12) are 
less widely known than the analogous velocity 
laws (1) and (2). However they have the same 
degree of theoretical confidence and are quite 
reliably confirmed by experiments (see section 
3 below). 

It is clear that the total difference of the field 
O(y) between a wall and flow axis (or outer edge 
of a boundary layer) must be a function of 
u,Llv and Pr = v/x: 

UL 
Q,-Q,=Q,cp, ),Pr . ( > (13) 

V 

If Reynolds and PC& numbers are both high 
enough, then an overlap layer must exist when 
both the laws (11) and (12) are valid. Within this 
layer equations (llHt3) imply a functional 
equation of a form 

This equation coincides with equation (4) only 
if the dependence on the first argument is taken 
into account. Hence its general solution is of 
the form : 

&Y+, Pr) = a In Y+ + BVV, 

q2(L Pr) = CI In i + KPr) + PI. (15) 

The first of equations (15) is a logarithmic 
equation for a mean tem~rature or concentra- 
tion profile near a wall which was obtained for 
the first time by Landau and Lifshitl in 1944 (in 
the first Russian edition of the book [9]). The 
second equation describes a logarithmic form 
of the defect law. Finally the third equation is a 
heat or mass transfer taw for a turbulent wall 
few. It can be rewritten in the form 

J(c$) 
ch = a In (Re,Jcs) + 70%) (16) 

where y(Pr) = p(Pr) + PI - (a ln2)/2. The fric- 
tion coefficient cr is a known function of Re, by 
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virtue of (6) and hence equation ( 16) determines 
the form ot the dependence of ch on Re, and Pr. 
For the use in calculations of f 16), we must also 
know the constant it and the function y(Pr). The 
problem of the determination of these quantities 
will be discussed in detail in the next section. 

For many engineering applications and for 
the comparison with experimental results, some 
alternative forms of equation (16) are useful. Let 
us first consider the catculation of the local heat 
and mass transfer in the fully developed turbu- 
lent boundary layer on a fiat plate where the 
temperature or concentration boundary layer 
thickness is practically the same as the thickness 
of the velocity boundary layer. Let us replace 
the boundary layer thickness L by the more 
easily measured distance x from the leading 
edge of the plate in this case. Since .Y = 
a -l UIL/U, , equation (16) is transformed after 
such a substitution into the form 

c’h &2 = _ ..__.... __-__. 
a In (Re,cJ) + y,(Pr) 

(17) 

where Re, = U,x!v, y,(h) = y(h) + c4B3 - B2) 
/A, and B3, B2 and A are constants in equations 
(6) and (7). At any fixed value of Pr the heat or 
mass transfer law (17) contains two unknown 
numerical coefficients, Q and y, : it is quite 
analogous to the Karman skin friction law (7). 
The term cdn(Re,c/-) in the denominator of the 
right-hand side of (1’7) can be replaced by 
(J24 - B&/A by virtue of (7). 

In the case of pipe and channel flows the heat 
and mass transfer data are always with reference 
to the variables Ch and C,. and not ch and cf. In 
other words, the bulk velocity U, and bulk 
temperature or concentration 0, are used here 
instead of axial quantities U, and 0 ,, The 
replacement of U, by U, produces no change in 
the form of equation (16) since it is easily seen 
that the velocity scale can be chosen quite 
arbitrary in this equation. Hence we can assume 
that the coefficient c,, in the left-hand side of the 
equation (16) is determined by the equation 
ch = j,JC,p~,(@, - 0,) and the coefficient L’, 
in the right-hand side replaced by C, = 

2(u,/ U,)‘. However the transformation from 0 1 
to Ob is more complicated. Let us use one of the 
equations 

L 

0, = -+L ObVJ(y)dy 
b s 

0 

and (18) 

where the first of them applies to channel flow, 
and the second to pipe flow. Let us also assume 
that the numbers Re and Fe = RePr are so high 
that the wall sublayer where the molecular 
transfers are important is very thin and that it 
does not contribute significantly to the forma- 
tion of the mean profiles 9(y) and U(y). Then it 
is possible to neglect this sublayer, i.e. to assume 
that defect laws (2) and (12) are valid at any y. 
Let us now replace the functions O(y) and U(y) 
in equations (18) by their expressions implied by 
(12) and (2) and use equation (9). Then we easily 
obtain that 

and consequently 

= * - &2) ~ EBz - /L.m,'2)1 

where 

(201 

for channel flow, 

(21a) 
for pipe flow, 

and 

i ~~~~~*~~)d~ - B,fi, 
b for channel flow. 

for pipe flow. 
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If we accept that the logarithmic form of the 
defect laws for both velocity and temperature or 
concentration are approximately valid up to the 
axis (so that B, = & = 0). then all the integrals 
in the rig@-hand sides of (21) can be integrated 
explicitly and we obtain 

& = a, & = Aa for channel flow. 

flz = 1*5a. ,U, = 1*25Aa for pipe flow. (22) 

The assumption used for deriving the estimates 
(22) agree satisfactorily with all the existing 
data and hence these estimates are apparently 
rather accurate. Let us also note that fully 
developed turbulent flow with an appreciable 
overlap layer can apparently exist only when 
Re is not less than 4 x lo3 and the correspond- 
ing value of (Cr/2)‘12 will be then of the order of 
0.07 or less. Hence the second term in the 
brackets on the right-hand side of (20) may 
be neglected in comparison with the first term. 
If this term is preserved. then it leads to slight 
modifications in all the subsequent equations 
which are however of no importance for real 
applications and will not therefore be considered 
in this paper. 

Now we can use the equation 

Ch = - j, 0, - 0, 

CpP u, (@w - 0,) 0, - 0, 

where the first factor in the right-hand side is 
given by equation (16) with cs replaced by CJ and 
the second factor is given by the equation (20). 
If we neglect additionally the term/?,(C,.i2)L/2 in 
(20) then we finally obtain 

JC,!2) 
” = a In (Re JC/) + y2(Pr) (23) 

where y2(Pr) = y(Pr) - p2. If the Reynolds 
number of a pipe flow is defined as Re = U,Div 
= 2UJv (instead of UJv) then the function 
y,(Pr) contains a supplementary term - aln2: 
this convention for Re will be used in the next 
section throughout. The heat and ‘mass transfer 
law (23) contains two unknown constants a and 
y2 at any fixed value of Pr. It is quite analogous 

to the classical Prandtl-Nikuradse skin friction 
law (10). The term aln (Re JC,) in the denomina- 
tor of (23) can be replaced by [,/(2/CJ) - 
&la/A by virtue of (10). 

Some particular heat and mass transfer laws 
were previously suggested which are in fact 
special cases of the general equations (16) and 
(23) (see e.g. [13-151). These equations were 
obtained with the aid of approximate semi- 
empirical calculations suitable for a restricted 
range of Pr values or were selected as empirical 
interpolation formulae: moreover, the particular 
forms of the functions y(Pr) and y,(Pr) recom- 
mended in all these publications disagree 
strongly with recent experiments. We also hold 
that the preceding general derivation of the 
laws is worth attention since it is based on the 
firm physical basis of dimensional analysis and 
shows that equation (16) is a direct consequence 
of the usual assumption about the validity of 
wall and defect laws and a single additional 
assumption of the existence of an overlap layer. 
The derivation of equation (23) requires 
additionally that the contribution of the viscous 
and molecular diffusivity sublayers and of the 
buffer sublayer to the bulk velocity and bulk 
temperature or concentration is negligible. 
Without this assumption the equation cannot 
be justified. The stated assumption (and there- 
fore equation (23)) is clearly inadmissible in all 
practicable problems with Pr Q 1, i.e. in the 
liquid metal range of heat transfer probletis. It 
will be shown below that the general equation 
(16) can be used for the derivation of the liquid 
metal heat transfer law; however., the law is in 
this case more complicated than (23). It is also 
important to note that the coefficients y(Pr). 
y,(Pr) and y,(Pr) in equations (16). (17) and (23) 
have a clear physical meaning and can be deter- 
mined from the profile measurements indepen- 
dently from heat and mass transfer problems. 
The possibility of independently determining 
all of the coefficients permits sufficiently reliable 
verification of the equations with existing data. 
We now pass on to this veritication of the 
theoretical equations. 
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3. COMPARISON WITH EXPERIMENTS 

Let us now consider the problem of the 
determination of the universal constants and 
functions of Pr in the heat and mass transfer 
laws from experimental data and the comparison 
of the equations with experimental results. 

3.1 Heut tr~n&r at Pr = 0.7 (uir) 
We shall begin with the determination of the 

constant ~1. It is easily seen that c( = APr, = 
PrJk where k = 1,/A z 0.4 is the Kgrm&n 
constant and Pr, = Ed,&, is the turbulent 
Prandtl number within the logarithmic layer. 
Hence the determination of a is closely related 
to the determination of Pr, = ku. There are 
many discrepancies in the determinations of 
Pr, which can be found in the literature. The 
data collected in the review paper by Kestin 
and Richardson [16] force one to think that 
apparently Pr, is within or close to the range 
D9-0.7, but the dependence of Pr, on the distance 
from the wall turns out to be quite variable 
according to the data of different authors. The 
data on Pr, collected in a more recent review of 
Blom and De Vries [17] do in fact fill all the 
range from O-5 up to 1.5 as a continuous cloud. 
yield numerous contradictory (and even fan- 
tastic) forms of a dependence of Pr, on y and 
show substantial dependence of Pr, on Pr = 
vlx. It is worth stressing once again in this respect 
that the arguments of section 2 show that Pr, 
must be constant in the logarithmic layer. i.e. 
within this layer it cannot be dependent on y at 
all. Moreover. if one accepts the Reynolds and 
PC&t number similarity then it follows that 
Pr, cannot be dependent on Pr. and if this 
similarity is not accepted, then it is impossible 
to explain satisfactorily the validity of the loga- 
rithmic profile equations. Finally, if we accept 
that heat can be considered as a dynamically 
passive substance, then the value of Pr, for heat 
and for mass must be the same. 

We are inclined to think that the very great 
scatter of the data on Pr, is mainly connected 
with the necessity of differentiating two 
measured profiles and determining the shear 

stress and heat flux profiles for calculation of the 
turbulent Prandtl number. All these procedures 
clearly entail great errors. Moreover, the deter- 
mination of the number Pr, should be made 
inside the logarithmic region of the flow which 
is usually physically quite thin. Thus outside 
points are often used. Therefore we prefer to use 
another approach. There are many works at 
present which show quite reliably the existence 
of a layer having a logarithmic temperature 
profile. There are also works where the logarith- 
mic profile was not suggested by the authors. 
but it can be obtained quite accurately if the 
given data are analysed. The last situation is. 
for example, quite usual for many investigations 
of liquid metal heat transfer (see. e.g. Fig. 1). 
Values of coefficients a and /? are easily deter- 
mined from a logarithmic temperature profile 
if the values of the quantities j, and U, and the 
fluid properties are also known. All such data 
collected by us are represented in Table 1. The 
values given here of Pr, were calculated with the 
value of k given in the indicated paper or with 
the assumption k = @4 if no value is given. 

The spread of the values of a and Pr, in Table 1 
is evidently not greater than the spread in the 
values of the Kgrman constant k obtained by 
different experimentalists. The values of u and 
Pr, turn out to be practically independent of Pr 
as expected. The most reliable of the collected 
data lead to the conclusion that Pr, z 0.85. 
a z 2.12. These values of Pr, and CI will be used 
in all the following considerations. 

The second necessary constant /3 is a universal 
function of the Prandtl number Pr. The data of 
Table 1 for heat transfer through air (at practic- 
ally constant value Pr = 0.7) show that the 
experimental values of /?(0.7) are scattered no 
more than values of the constant term B in the 
logarithmic velocity profile equation. They are 
the basis for setting p(O7) z 3.8. The value of 
the constant term /?I in the logarithmic tempera- 
ture defect equation is independent of Pr. but 
can be different for flows in pipes, channels and 
boundary layers. For pipe flow /?1 is compara- 
tively close to zero according to the data of 
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Y”* Y =y + 
FIG. 1. Measured temperature profiles in turbulent mercury flow in a pipe. 

I. Reference [18], Pr = 0022. 1. Re = 89200, 2. Re = 101000, 3. Re = 114800, 
4. Re = 177000. 

II. References [19, 201, Pr = 0026. 1. Re = 107000, 2. Re = 130000, 3. Re = 165000. 
III. Reference [21], Pr = @026. 1. Re = 427000, 2. Re = 373000, 3. Re = 328000, 

4. Re = 274000,5. Re = 205000,6. Re = 174500,7. Re = 28000. 

Tuble 1. Experimental dues of the coefficients in the logurithmic temperature equation 

Authors and date 

1 

Borishanskii et ctl. ( 1964) 
Kokorev, Ryaposov (1962) 
Subbotin et al. (1963) 
Seban, Shimazki (195 1) 
Deissler, Eian (1952) 
Reynolds et ol. (1958) 
Johnk, Hanratty (1962) 
Brundrett et ul. (1965) 
Perry et (11. (1966) 
Achenbach (1966) 
Hishida (1967) 
Gowen, Smith (1967) 
Taccoen (1968) 
Pedisius et 01. 11969) 
Pedisius et UL (1969) 

Smith et ul. (1967) 
Beckwith et (11. (1963) 
Che Pen Chen (1969) 
Gowen, Smith (1967) 
Pedisius et ul. (1969) 
Neumann (1968) 

Ret Fluid Pr 
Rc : Re, 
x 10-a a Pr, B Type of flow 

___~_. 
2 3 4 5 6 7 8 9 

_.__ 

1181 mercury 0.022 89-177 2.00 @80 - 9.2 pipe 
[ 19.201 mercury 0.026 107-167 2.09 0.84 - 7.9 pipe 
Pll mercury 0.026 22-427 2.11 0.85 - 9.0 pipe 
WI air 0.7 5-54 204 082 2.9 pipe 
1141 air 0.7 - 2.18 0.87 3.8 pipe 
[231 air 0.7 729-2780 2.00 0.80 4.0 boundary layer 
[241 air 0.7 18-71 2.22 0.85 3.3 pipe 
[251 air 0.7 34-76 1.96 0.79 3.8 square channel 
1231 air 0.7 1800 2.00 @80 40 boundary layer 
P61 air 0.7 300-2tXKI 1.80 0.72 3.9 boundary layer 
[271 air 0.7 10-81 2.17 0.87 3.8 pipe 
[I41 air 0.7 16-49 2.18 087 3.0 pipe 
PI air 0.7 70-560 2.19 0.83 4.2 pipe 

[29,301 air 0.7 340-870 1.81 @75 3.8 boundary layer 
L29.301 water 3-o 870-4400 1.95 0.80 26.0 boundary layer 

water 5.5 400-2400 2.02 083 41.4 
[31,141 water 5.7 11-44 2.58 1 34.5 pipe 
[I41 water 6.0 11-19 2.55 1 28.0 pipe 
[321 water 7.5 250-280 2.12 0.85 47 plane channel 
[I41 ethylene-glycol 14.3 16-25 2.52 1 76.3 pipe 

129,303 technical oil 64 350-850 2.13 0.87 194 boundary layer 
[331 technical oil 60 34.3 200 plane channel 

67 89.0 227 
80 32.8 2.19 087 251 
95 27.0 275 

100 41.6 280 
103 57.9 293 
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[14. 18-21, 241 (the data of [18-211 and of [24] 
give the impression that apparently /?i z 
06+8 while in [14] the estimate p1 = -Q4 is 
used). In the present work we shall assume that 
/Ii = 0.6, since any sutliciently small value of /?, 
yields practically the same results for Pr 2 0.5. 
and the data at Pr 4 1 which lead to much 
stronger dependence on fil give the impression 
that pi is small in absolute value but neverthe- 
less strictly positive. Unfortunately no data are 
known to us which permit one to obtain even a 
rough estimate of the value of & for a boundary 
layer along a flat plate. Therefore we confine 
ourselves to the approximate estimate implied 
by the widely used assumption that the eddy 
diffusivities for heat and for momentum are 
equal in the outer turbulent region of the tlow 
(so-called Reynolds analogy). If the assumption 
is correct then the dimensionless velocity and 
temperature profiles have the same shape in the 
outer turbulent region and consequently /I, for 

boundary layer flow must coincide with the 
constant term B, x 2.35 in the logarithmic 
velocity defect law for a boundary layer along a 
plate. 

If we take all above mentioned values of the 
coefficients and also use the approximate re- 
lation (22), we obtain the following form of the 
heat transler law for turbulent pipe flow in air : 

N” = ” Re Pr = an [Red( - 2.0 ’ ~- (24) 

We recall that all the coefficients in this equation 
were determined from profile measurements 
without any reference to heat transfer data. The 
dependence of Nu on Re implied by equation 
(24) is shown as a continuous line in Fig. 2. The 
points in this figure represent the experimental 
data of the works listed in Table 2 and a dotted 
line gives the empirical law Nu = 0018 Re”’ 
which is implied by the approximate relations 
recommended in textbooks [ 151 and [58]. We 

Re J(C,.) 

0 I9 o 24 

0 20 e 25 

a21 o 26 

v 22 l 27 

A 23 v 26 

FIG. 2. Nu for air flow in pipes vs. Re. 
All numbers correspond to relevant data in Table 2. The continuous line represents 

equation (24) and the dotted line gives the empirical law Nu = @018 Re”“. 
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I 2 3 4 

1. Coglan (1940) [341 IO 
2. Drexel. McAdams (1945) 124,341 IO-70 
3. Boelter et (II. (1948) [351 27-55 
4. Cholette (1948) [361 5-18 
5. Gukhman et (11. (1949) [37,38] 300-450 
6. Il’in (1951) [391 6-70 
I. Seban, Shimazki (1951) [221 5-54 
8. Pincel (1954) [401 S-500 
9. Seleznev (1956) [4ll 83-128 

10. Nunner (1956) 1421 5-80 
11. Koch (1958) [431 5-80 
12. Sleicher (1958) [441 14-80 
13. Lel’chuk, Dyadyakin (1959) [451 33-350 
14. Mikheev (1959) [461 5-10 
15. Abbrecht, Churchill (1960) [471 15-65 
16. Ede (1961) [481 5-100 
17. Mukhin et (II. (1962) [491 40-700 
18. Johnk, Hanratty (1962) [241 IS-71 
19. Kirillov, Malgin (1963) [501 7-160 
20. Petukhov et al. (1963) [511 40-700 
21. Novozhilov et (II. (1964) [521 6-38 
22. Delpont (1964) [531 1 SO-970 
23. Kolaf (1965) [541 5-92 
24. Gowen, Smith (1967) [I41 IO-49 
25. Hishida ( 1967) [271 IO-81 
26. Dyban. Epik (1968) [551 5-50 
21. Hasegawa, Fujita (1968) [561 16-50 
28. Sukomel, Velichko (1969) [571 5-350 

Tuble 2. Heat transfer studiesfor turbulent &flows in pipes 

No. Authors and date Ref. Re x lO-3 

see that equation (24) deviates insignificantly 
from the empirical law in the range 2 x lo4 6 
Re < lo6 and the curve fits all the data quite 
well in this range. At Re c 104 the empirical law 
fits the data slightly better than the theoretical 
law (24). This can be reasonably explained by 
the fact that at such small Re (and consequently 
at Pe = Re Pr < 7 x 103) the universal logar- 
ithmic law is not sufficiently accurate (cf. [59])*. 
At Re > 5 x lo6 equation (24) will differ 

* It is known that the universal skin friction law ol 
Prandtl and Nikuradse fits all the data on friction in pipes 
quite satisfactorily beginning from a substantially low value 
of Reynolds number ot’ the order of 5 x 103. However, it is 
also known that C,+ reaches the asymptotic value for fully 
turbulent now only at Re of the order of 2 x 104. i.e. con- 
siderably later than the asymptotic value of C, is established 
(cf. e.g. [ 141). 

significantly from the empirical law. Unfortu- 
nately there are no data at present concerning 
heat transfer in pipes at such values of Re. 

Let us now pass on to the problem of heat 
transfer through an air boundary layer over a 
flat plate. The general equation (17) supple- 
mented by the above recommendations con- 
cerning the values of the coefficients ~1. A. /I. /I, 
4, I& and Pr yield the following form of a heat 
transfer law : 

Nu = c,, Rex Pr = Rex Jc, 
4.3 In (Re, cf) + 3.8 

CW 

Equation (25) is shown by a continuous line in 
Fig. 3, together with data from the work listed in 

IO6 5X.106 
Rex 

FIG. 3. Nu for air boundary layer over a flat plate vs. Re,. 
All numbers correspond to relevant data in Table 3. The 
continuous lines represent equation (29) and the dotted lines 
represent the empirical equation suggested by Kays [15]. 

Table 3, and the empirical law Nu = 00238 
Re ‘.‘, deduced from the experimental data of 
Rejnolds, Kays and Kline (see Kays [ 151). We 
see that the data are rather scattered, but in the 
average equation (25) tits them quite satisfac- 
torily. 
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Tuble 3. Locul hear trunsfer studies for turbulent boundury layers over ujur 
pltrtc~ 

No. Authors and date Ret: Fluid Pr Re, x lWJ 

1. Petukhov et ul. (1954) [60] air 0.7 100-2000 
2. Achenbach (1966) [26] air 0.7 32&1700 
3. Slanciauskas et ~1. (1969) [30] air 0.7 350-1300 

water 
3.0 4oo-4400 
5.3 460-3500 

technical 64 110-1050 
oil 

We do not have data on the heat transfer 
through the air boundary layer over a flat plate 
at Re, > 2 x 106. However the data of the 
thorough measurements of Survila and 
Stasiulevicius [61] may be used. They studied 
heat transfer through an air turbulent boundary 
layer on a cylinder streamlined in the direction 
of its axis. This is completely justified since a 
special investigation of the above mentioned 
authors [62] has shown that the surface curva- 
ture does not effect the heat transfer in their 
experiments. The data obtained are shown in 
Fig. 4. We see that they are described rather 

IO5 to6 $7. 
IO' IO8 

6. 

FIG. 4. Nu for a boundary layer on a cylinder streamlined in 
the direction of its axis vs. Re,. 

The continuous line represents equation (25) and the dotted 
line gives the empirical equation of Kays [ 151. 

accurately by equation (25), but the empirical 
equation of Kays does not tit them. 

3.2 Heat und muss transfer at Pr > 0.5 
In order to conduct the calculation at any 

value of Pr, we must know the function l$Pr). 
This function enters several previously estab- 
lished methods of the heat and mass transt’er 
calculations and this is the reason why there are 
several previous suggestions concerning its 
form. All these suggestions are listed in Table 4 
together with references to the relevant papers. 
Equation (1) was suggested by H. Squire [IO] 
as far back as 1951. He justified it by K&-mBn’s 
well-known three-layer model of a turbulent 
boundary layer (the laminar sublayer without 
any turbulence at 0 < y, < 5, buffer layer with 
an eddy viscosity .Q = OSku,y at 5 < y+ < 30, 
and logarithmic layer with ey = ku,y at y+ > 
30). Squire followed KBrm&n by assuming that 
EM/&H = 1 at any y, but later Gowen and Smith 
[ 141 considered a slight modification of Squire’s 
equation which is obtained if one assumes that 
Pr, # 1 within a logarithmic layer (equation Ia). 
Equation II is an empirical equation suggested 
by Neumann [33] for describing his data on 
temperature profiles in a plane channel flow of 
technical oil. Prandtl number was varied in 
these experiments within a relatively narrow 
range 70 < Pr -c 110 as the result of variations 
in the mean temperature of the oil. Equation III 
is due to Fortier [2] (see also Taccoen [64]). 
This equation is based on an important result 
(established at the first time apparently by 
Levich [13]) that /?(Pr) = aln Pr + constant at 
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Authors and date Ref. Equation Number 

1 2 3 4 

H. Squire (1951) [ to1 In [(SPr + 1)/30] + 8.55 + 5Pr I 
Gowen. Smith (1967) [14] In [(5Pr + 1)/30] + 8,55Pr, + 5Pr Ia 
Neumann (1968) [33] 3.5Pr II 
Fortier ( 1968) PI 2.5 In Pr + 2.7 Pr - I III 

Pr + 1. Fortier used the liquid metal data of 
Kirillov [65] which show that j?(Pr) z cdnPr - 
1, a = A = 2.5 when Pr + 1, and supplemented 
this equation by an additional linear term chosen 
to tit Neumann’s technical oil data. 

The comparison of all of the equations from 
Table 4 with the experimental data of fi(Pr) 
collected in Table 1 is shown in Fig. 5 where 
equation Ia is used with the values of Pr, from 

I 0’ 

IO2 
/ 

. 7 . 16 

h 6 0 17 

I-IG. 5. Comparison of data on /?(Pr) with the suggested 
empricial equations. The solid lines correspond to equations 
(28) and (3 1). The Roman numbers are the same as in Table 4. 

The data are from the following works : 

l.-ref. [18], 2.-ref. [19, 20],3.-ref. [21],4.--ref. [22], 
5.-ref.[14], 6.-ref. [23], 7.-ref. [24], 8.-ref. [25], 9.-ref. 
[23], lo.-ref. [26], Il.-ref. [27], 12.-ref. [14], 13.-ref. 
[28], ll-ref. [29, 303, 15.-ref. [31, 143, 16.-ref. [14], 

17.-ref. [32], 18.-ref. [33]. 

[ 141. We see that neither of the suggested 
equations fits the data. Let us also note that all 
the equations imply that fl(Pr) - Pr at PY 9 1. 

Such behaviour of b(Pr) corresponds to the 
assumption that at the wall there exists a 
laminar sublayer of a fixed dimensionless 
thickness y, where there is no turbulence at all 
(see [ 13, 641). This assumption strongly con- 
tradicts all the recent data on viscous sublayer 
flow and will evidently yield incorrect results 
when applied to heat and mass transfer calcula- 
tions in the range of very high Pr. 

There is no divergence of opinion at present 
that both the eddy viscosity Ed and the eddy 
dit’fusivity sr, are nowhere equal to Tero, but 
decrease monotonically according to a power 
law Ey _ EH - y as y y 0. In other words. the 
relations E~MIv = c&y”, and E& = uHyn: apply 
in the neighbourhood of the wall. There is no 
complete agreement concerning the value of the 
exponent m (see the review of the related in- 
vestigations in subsection 5.7 of the book [S]). 
More recently, accurate experiments ot’ several 
authors give strong support to the value m = 3 
(see, in particular [6672]). This last value of m 

will be used in the present work. 
The general approach to the determination of 

the behaviour of b(Pr) at sufficiently high values 
of Pr is sketched by Levich [ 131, who, however. 
does not use the function b(Pr) in his book. The 
method is based on the use of a particular simple 
three-layer model of a boundary layer. Namely. 
it is assumed that adjacent to the wall is a thin 
“molecular diffusion sublayer” where the mol- 
ecular transfers play a dominant role. and 
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therefore the dimensionless profile O+(y+) = 
[O, - O(y+v/u,)],/O, is,given by the equation 
O+(y+) = Pry,. The dimensionless thickness 
yl+ of the sublayer can be determined from the 
condition that .Qy+) = vu,y”, 6 x at y+ d y, + 
which yields that yl+ = (u,&-“m. The next 
layer yl+ < y, d y2+ is the “viscous sublayer” 
where once again Q.,(Y+) = vu,y’J. but the 
molecular transfer of heat or matter can be 
neglected. Finally above the plane y+ = J‘~+ 
(with a,~$‘+ = Y~+/cI) we find the “fully turbu- 
lent (logarithmic) layer” with the relations 
E&Y+) = vy,icc and O+(y+) = crln y+ + [df’r). 
If we use the matching condition for O+(y+) 
sty, = yl+ andy, = y,+,weeasilyobtainthat 

P(Pr) = b,Pr(“-‘)‘“’ + b, (26) 

in the suggested model, where b, and b, are 
numerical constants and 

b(=mu - l/m 
m-lH 

It is also possible to follow [73] and to use a 
slightly more accurate two-layer model in which 
both the molecular and the turbulent transfers 
are taken into account up to y, = y2+. i.e. it is 
assumed that E ef = EH + x = v+ym+ + x at any 
y, d yz+. If this model is used, an equation of 
form (26) will also be obtained, but in this case 

m2 + I 
z __ _._ L(- lb 

m2-1 H . 

The approximate interpolation equation for 
the Nusselt number for heat transfer in pipes 
was suggested in the book [ 131. The equation 
has the same general form as equation (23) and 
can be interpreted as corresponding to an 
equation of the form 

/3(Pr) = blPr(m-l)‘m + a In Pr + b,. (27) 

The actual values of the parameters m. a, b, 
and b, used by Levich are inconsistent with the 

empirical data on the values of fl(Pr). (Such data 
were absent at the time when book [ 131 was 
written.) However, the very idea of the use of an 
interpolation tbrmula of the form (27) which 
coincides with (26) at Pr % 1 and also has the 
correct asymptotic behavious at Pr G 1 seems 
quite reasonable. 

The above discussion in this paper suggests 
that it is reasonable to set m = 3 and a = 2.12. 
The coefficient b, can be determined with a fair 
accuracy from the analysis of data of values of 
/Ii at sufficiently high F’r which are collected 
in Table 1. There exists also quite a different way 
to determine the value of b,. The equation 
&y = vu,y: for eddy viscosity near a wall is 
clearly equivalent to the relation -U’U = 
u?uyy: for the shear stress distribution near a 
wall. Accurate measurements of the shear stress 
distribution were made by Laufer [74] and 
Klebanoff [75]. The treatment of their data 
imply that apparently -UT’& z 0901 y: in 
neighbourhood of a wall. The same result was 
deduced by Sleicher [44] from velocity and 
temperature profile measurements. If we accept 
that the turbulent Prandtl number is close to 
unity in the viscous subiayer (this is confirmed 
by the data of [44]) then we obtain that 

(IH z 0X)01. Hence it must be expected that 

10 -+ 
b 8 

1 G--_f.j z 12.5. 

It is surprising that this seemingly quite rough 
estimate coincides exactly with that which is 
implied by experimental data of fl(Pr) from 
Table 1. 

When the values of m, a and b, are determined, 
the value of b, can be found from the condition 
that fi(O.7) = 3.8. This condition yields the 
result: b, z -5.3. Hence we obtain the follow- 
ing final equation for b(Pr) which will be used 
below 

/3(Pr) = 12,5Pr+ + 2.12 In Pr - 5.3. (28) 

Equation (28) is also plotted in Fig. 5. We see 
that it fits all the experimental data at Pr > 0.7 
quite satisfactorily. 
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When the form of the function p(B) is known, 
we can use it for obtaining the general heat and 
mass transfer laws valid for an extensive range 
of Prandtl numbers. In particular, the generaliza- 
tion of law (25) for heat transfer through an air 
boundary layer for the case of arbitrary Pr has 
the following form 

Nu = 

Re, Pr&-/2) (29) 

2.12 In (Re,cf) + 12.5 Pr* + 2.12 In Pr - B’ 

Equation (29) is pIotted in Fig. 3 together with 
data of [29,30] for heat transfer in water (Pr = 3 
and 5.3) and technical oil (Pr = 64), the measure- 
ments in the boundary layer over a flat plate. 

IO4 

IO3 

s 
102 

IO 

This equation is compared in Fig. 6 with 
numerous data on heat and mass transfer in 
smooth pipes taken from the references listed 
in Tables 2 and 5. (Figure 6 illustrates the scatter 
of the data points. To avoid overcrowding only 
a portion of the data points is plotted.) The data 
cover more than 6 orders of magnitude of 
Prandtl number variations and 2 orders of 
Reynolds number variations. In the cases when 
the experimental data in the original references 
were given for the values of Re which are inter- 
mediate between the values from the curves in 
Fig. 6, the data were interpolated with respect 
to Re between the nearest two available values. 
The scatter of the points in Fig. 6 is relatively 

I I ,m 6 012 . 16 m24 0 35 

I IO’ IO2 IO’ IO4 15 5 IO” 

Pr 

FIG. 6. Comparison of heat and mass transfer data for pipe flows with equation (30). 

We see that the agreement of the theory with 
the experiment is satisfactory. For a water 
boundary layer, the curves are also plotted in 
Fig. 3 which describe the empirical equation 
Nu = 0.0295 P r0’6Re,0’8 suggested by Kays [ 151 
for heat transfer calculations in the case of a 
boundary layer with 05 < Pr < 10. 

The parameter values used in deriving equa- 
tion (24) together with equation (28) yield the 
following heat and mass transfer law for pipe 
t1ow 
Nu = 

Re Pr,/(C,/2) (30) 

2.12 In (ReJCf) + 12.5 Pr3 + 2.12 In Pr - 101. 

great. This is especially so for heat transfer data 
at moderate values of Re as is expected (since 
one of the assumptions in this work requires 
high values of Re and some other assumptions 
are fulfilled more accurately for mass transfer 
than for heat transfer). However on the whole 
equation (30) tits satisfactorily the enormous 
collection of data used in Fig. 6. 

3.3 Heat trumfer ut very low Pr (liquid metals) 
The data in Fig. 6 do not include measure- 

ments at Pr d 0.5. If the Pr is very small (i.e. 
heat transfer in liquid metals) then equation (30) 
cannot be used, since it was derived by neglecting 
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I. Heat transfer 

No. Authors and date Ref. Liquid Pr Re x IO-” 

1 

1. 
2. 
3. 
4. 
5. 
6. 
7. 
8. 
9. 

10. 
11. 
12. 
13. 
14. 
15. 
16. 
17. 
18. 
19. 
20. 
21. 
22. 
23. 
24. 
25. 
26. 
21. 

28. 
29. 

-- 
2 

..______-__--- 
Morris, Whitman (1928) 
Eagle, Ferguson (1930) 
Sherwood, Petrie (1932) 
Logan et al. (1934) 
Cope (1937) 
Ullock, Badger (1937) 
Norris, Sims (1942) 
Bernardo, Eian (1945) 
Lei’chuk (1950) 
Kaufmann, lseley (19.50) 
Grele, Gideon (1953) 
Hoffman (1953) 
Hartnett (1955) 
Davies, Al-arabi (1955) 
Friend. Metrner (1958) 
Has&up ef al. (1958) 
Alad’ev et at. f 1959) 
Mikheev (1959) 
Ivanovskii (1959) 
Ede (1961) 
Dipprey, Sabersky (1963) 
Malina, Sparrow (1964) 
Allen, Eckert (1964) 
Galin et ul. f 1965) 
Hut’schmidt et ul. (1966) 
Shlykov, Leongardt (1966) 

-..- 

Kalinin, Yarkho (1966) 

Gowen. Smith (1967) 
Smith ct (il. 

3 
_-.--- 

[761 
[771 
[781 
1791 
[W 
@ll 
WI 
b331 
rs41 
F51 
b51 
[341 
B71 
WI 
1341 

E89.901 
[911 
1461 
~921 
[481 
E931 
1941 
[951 

F96.971 
[981 
[991 

4 5 
-_--- -__ 

water: oil 3-701 
water 3-10 
water: oil 3.6-27 
water: oil 2-50 
water 598 
Oil 14-370 
oil 35-140 
water: ethyleneglycol 1.4-60 
steam l-l.1 
water 2.8812 
molten sodium hydroxide 3.3-7.3 
molten sodium hydroxide 4-2-5-6 
water: oil 65480 
water 8.8 
corn syrup: molasses 50-600 
water l-8 
steam 0.9-1.4 
water 3.2-7 
water 4.1-7.2 
water 5.1-10.5 
water I.2-59 
water 3-75 
water 8 
water 348 
water 2-5.5 
polyalkyl-benzol pitch 10-70 

[ 100, 1011 water: aqueous solutions 3-50 
of glycerin 

[I41 ethylene-glycoj 14.3 
[3l] water 5.7 

II. Muss transfer 

6 

545 
10-100 
5-40 

7.5-250 
5 26 
5-90 
5-1 I 
5-200 

100-t 750 
to-50 
5-50 
10 

5 -90 
5-17 
540 

50-250 
lo-25 
IO-105 
lo--43 
S-100 

14-500 
12-101 
13mlll 
5--180 

20-640 
30-300 

5 -100 

11-25 
9-50 

No. Authors and date Ref. Liquid and diffusing Pr Re x 10e3 
sublayer 

----~ _____l_-.-_l~ ----_-. -----___ 
1 2 3 4 5 6 

-____ __.__~ 
30. Linton, Sherwood (1950) El021 water: benroic acid and 960-3160 5-68 

cinnamic acid 
3 1. Meyerink. Frienlender [IO31 water or aqueous 850-970 5-25 

(1962) solutions of sodium 
hydroxide: benzoic acid 
and cynnamic acid or 
aspirin 

32. Hamilton, Harriott (1965) [46,671 water or aqueous 93(tlO@loO 10-100 
solutions of glycerin : 
benzoic acid 

33. Hanratty et (II. (1963) [ 104-1071 aqueous solution of 2400 5-X 
sodium hydroxide, 
ferricyanide ion 

34. Zarubin (1968) t1w WC1 + CaCI,: copper 560-28500 5-100 
35. Kader, Gukhman E70.711 water or aqueous 5~-1~ 5-335 

solutions of glycerin: 
benroic acid 
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the contribution of the molecular transfer sub- 
layer to the formation of the bulk temperature 
&,. Moreover all of the liquid metal experiments 
were carried out with the condition of constant 
wall heat flux j, i.e. the boundary condition 
8(O) = 0, = constant has to be replaced here 
by the condition - cpp dS(O)/dy = j, = constant. 
It is known that if Pr > 0.5 the values of the 
quantities c,, and A% are practically the same 
at 8, = constant and at j, = constant (see 
[15,109]). Hence all of the above results can be 
applied to both cases with equal validity. (In 
fact some of the experimental points in Fig. 6 
were obtained from the measurements at j, = 
constant, and not at 8, = constant.) However if 
Pr < 1 then the values of c, and Nu differ 
significantly in the cases when 0, = constant 
and when j, = constant (see e.g. [ 151). More- 
over we cannot also exclude the possibility that 
the term b, in equation (27) is in fact a slowly 
varying function of Pr which variation can be 
neglected only in the range Pr > O-5 where it 
cannot evidently play a role. Therefore it is not 
surprising at all that by applying equation (27) 

to data on heat transfer in liquid metals (i.e. to 
Pr 4 1) the best fit is attained when the value 
of the constant term b2 is changed and equation 
(28) is replaced by the equation 

fi(Pr) = 12.5 Pr* + 2.121n Pr - 1.5. (31) 

The constant term in equation (31) was deter- 
mined by comparison of the calculated values of 
fl(Pr) with the experimental data in Table I for 
temperature profiles in mercury flows (see the 
left side of the Fig. 3 where the continuous line 
corresponds to equation (3 1)). 

Equation (31) permits one to calculate the 
coefficient G,, quite easily with the aid of the 
general equation (16). However, we cannot now 
use the simple equation (20) for the correction 
factor (0, - O,)/(O, - 0,) when transforming 
from ch to C,,. Instead we must use a more 
complicated model of the temperature profile 
which takes into account the existence of a 
molecular di~~usivity sublayer (which is clearly 
thick when Pr 6 1, i.e. x is very high). We can 
use the simplest two-layer model of Taylor and 
Prandtl as a first approximation. According to 

/ 0’ 

Pe 

Ftc. 7. Comparison of heat transfer data in liquid metals with equation (33). 
All the numbers correspond to references in Table 6. 
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this model @+(y+) = Pry, for y, < ullPr 
where u1 is the dimensionless constant of the 
same order as the dimensionless thickness of the 
viscous sublayer (we have set u1 = 5 in our 
calculations), and @+(y+) = a In y, + ,Wr) for 
y, > uJPr. By use of such a form of the tem- 
perature profile near to the wall and also assum- 
ing that the logarithmic form of the temperature 
defect law (with PI = 0) is valid for y > u~x’u*. 
we find that the following equation is valid with 
a sufficient degree of accuracy : 

where the correction factor A is determined by 
the equation (32). This equation is compared in 
Fig. 7 with data from experimental works on 
heat transfer in liquid metal pipe flows listed in 
Table 6. The data in Fig. 7 fill the range of 
Prandtl numbers from 6 x 10e3 to 3 x lo-* 
and since the calculations show that Nu in this 
range depends practically on Pe = RePr only 
and not on Re and Pr separately, we can use a 
single theoretical curve for the entire range of 

Pr (the continuous line in Fig. 7). The heat 
transfer data for liquid metals are very scattered 
and poorly reproducible: therefore in Fig. 7 
only data were used of experiments which either 
were accompanied by the measurement of the 
mean temperature distribution (which yields 
additional control of the data) or were quite 
recent and seemed to be accurate. We see that 
the calculations with the aid of equation (33) 
fit satisfactorily all of the selected data and are 
also close to the empirical calculation procedure 
recommended by Lyon [122] which is con- 
sidered at present by most of the experts in the 
field as the best procedure for calculation of 
heat transfer parameters in liquid metals. Of 
course, we must bear in mind that the accuracy 
of all of the data on heat transfer in liquid 

1 0, - 0, 
d = - 

0, 
- 

0, 
= (1 VI)* + JK,P)l 

- [3.2(1 31) - - o 7&m (32) 
w 1 

where v1 = 10J(2)/PeJ(Cr). (If the right-hand 
side of (32) is smaller than 0.5 which corresponds 
to a laminar pipe flow then it is, of course, 
reasonable to replace A - ’ by 0.5.) It follows 
from equations (16) and (31) that Nu = C,,Pe 
can be calculated from the equation 

Nu = 
Re PrJ(CJ2)A (33) 

2.12 In (ReJ(C,)) + 12*5Pr* + 2.12 In Pr + 3.1. 

Tuble 6. Heat transfer studies for turbulentflows of liquid metuls in pipes 

No. Authors and date Ref. Metal Pr Re x lOma PC 

I. Isakoff, Drew (1951) 
2. Brown et ul. (1957) 
3. Kirillov ef crl. (1959) 

4. Pirogov (1960) 
5. Petukhov, Yushin (1961) 
6. Subbotin et (II. (1961) 

7. Kokorev, Ryaposov (1962) 
8. Subbotin et ul. (1963) 
9. Borishanskii et ~1. (1963) 

10. Filimonov et al. (1964) 
11. Borishanskii et ul. (1964) 
12. Skupinski et (11. (1965) 
13. Talanov, Ushakov (1967) 
14. Hochreiter, Sesonske (1969) 

[1101 mercury 0.025 80-400 200&9ooO 

[I111 mercury 0.025 2X&800 580&18000 
[112-l 131 sodium, 0015 7-129 5Cl600 

potassium, 
mercury 0.026 25-270 6OC-7000 

[I141 sodium 0.006 23-70 17-416 
rt151 mercury 0.024 @6-23 14-600 

[I161 sodium, 85-1000 
potassium, 
mercury 230-I 3000 

[ 19-201 mercury 0.026 107-167 2800-4300 
r211 mercury 0026 22-427 54(r-12100 

[1171 sodium 0.006 16128 120-940 
11181 aluminium 0.014 12-35 172-485 
[I81 mercury 0.022 47-262 I160-5600 

[I191 sodium-potassium 0.015 3.6-950 58-13100 
[W sodium-potassium 0.025 28-320 8 50-6400 
[1211 sodium-potassium 0.025 18-65 480- 1460 
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metals is quite low in comparison, say, with the 
accuracy of the data on mass transfer in ordinary 
liquids; therefore the coefticients of equation 
(33) cannot be considered as determined with 
a high degree of precision. 

Let us stress finally that the above method of 
the determination of heat and mass transfer 
laws can be also applied to many more com- 
plicated situations. It should be remembered for 
example, that it was shown by Millikan [3] and 
Mises [4] that a similar derivation of the skin 
friction law can be easily establisher$ also for 
fully turbulent flow along a rough w@ and for 
turbulent flow in a pipe of non-circular cross 
section. The same is clearly true for the deriva- 
tion of heat and mass transfer law. Related 
arguments can be used also for a boundary 
layer in the presence of strong adverse pressure 
gradient and for heat transfer problems where 
buoyancy plays an important role. All of these 
questions need however a special investigation 
and we shall not linger on them here. 
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LOIS DE TRANSFERT THERMIQUE ET MASSIQUE POUR DES ECOULEMENTS 
PARIETAUX ENTIEREMENT TURBULENTS 

R&am&La mtthode g&&ale d’Izakson et Millikan pour l’obtention de la loi classique de Prandtl- 
Nikuradse pour le frottement superticiel est appliqu6e a l’analyse du transfert thermique et massique 
turbulent dans des tubes. des canaux et des couches limites. La formule donnant le coefficient (ou le 
nombre de Nusselt) de transfert thermique (ou massique) contient, en tant que paramktres. les coefficients 
sans dimension des tquations logarithmiques universelles des proiils de vitesse et de temptrature. Un de 
ces paramktres est une fonction universelle du nombre de Prandtl (ou de Schmidt) et tous les autres sont 
des constantes. 
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Les profils de vitessc et de temperature exptrimentaux existants dam differents ~oulements parittaux 
turbulents permettent avcc une bonne precision la determination de tous lcs coefficients necessaires. Les 
calculs qui en resultent sont en accord satisfaisant avec fcs nombreuses experiences sur ie transfert 
thermique et massique dans des tubes et des couches limiter. sur plaque plane, Pour un domaine de nombre 
de Prandtl (ou de Schmidt) compris en 6. low3 et 10’ et pour une variation du nombre de Reynolds (ou 

P&&t) couvrant deux ordres de grandeur. 

GESETZE DER WARME- UND STOFFUBERTRAGUNG FUR 
VOLLTURBULENTE WANDSTROMUNGEN 

Z~~Die allgemeine Methode von I&son und Millikan zur Ableitung des bekannten 
Prandtl-Nikuradse-Reibungsgesetzes wird aufdie Analyse der turbulenten W;irme- und Stoffiibertragung 
in Rohren, Kantilen und Grenzschichten angewandt. Die abgeleitete Formulierung des W&me @ton)_ 
iibcrgangskoeffizienten (oder der Nusselt-Zahl) enthiilt als Parameter die dimensionslosen Koeffiienten 
der universellen loaarithmischen Gleichuna fiir die Geschwindiakeits- und Temneraturnrofile. Einer 
dieser Parameter isi eine universelle FunkGon der Prandtl-(ode;Schmidt&&h1 und alle anderen sind 
Konstanten. Die vorhandenen Geschwindigkeits- und Tem~rat~r-Prowl-Me~ungen in verschiedenen 
turbulenten W~dstr6mung~ erlauben die Fcstlegung atler notwendig~ Koe~~ent~ mit guter Genauig- 
keit. Die resultierenden Ergebnisse sind in zufriedenstellender u~reinstimmung mit rahlreichen experi- 
mentellen Untersuchungen iiber den W&me- und Stofftransport in Rohren und an Grenzschichten an 
einer, ebenen Platte fur Prandtl-(oder Schmidt)Zahlen im Bereich von 6 x 10e3 bis lo6 und tiber zwei 

Grbssenordnungen der Reynolds-(oder PCclCt)Zahl. 

3AKOHbI T~~~0-~ MACCO0~~EHA AJIR TYPHY~EHTHbIX 
TEHEHHH BAOJIb CTEHHH 

AEHOTn~-06mr%g MC)TOJ&, paaBSiTbItt ki8aKCOHOM K hhmiKeHom nJIJ3 BbIBOAa 8aKOHa 

llOBepXHOCTHOl'0 TpeHHR AJIR Typ6yneHTHbIX TeqeHHB B Tpytiax U KaHaJlaX, IlpKMeHfIeTCK 

mm noaysenaff aauoria Tenno- H macconepenoca npn TypBynenTnarx Te~erinnx n Tpy6ax, 
uarraaax a norpaawrrmrx CJIORX. Hatigeuuan @opuyaa AJAR uoat#@rqaenTa Tennonepenaqu 
@au rucaa Hycce~~Ta) CoAepncaT B KarleeTBe napaMeTpoB 6eapaaMepH~e KO~~~~~eHT~ 
yHKBepCa~bH~X ~OrapK~MKqeCKKX $lOpMyJI J&lit KpO~~~e~ CKOpOCTK H Te~nepaTyp~, 

OAHH Ma KOTOpaiX RBJIReTCR yHKBepCaJIbHO# I#IyHKqKeft YliCJIa I?paHATJifl (%iJIH I%HilTa), 

a 0cTanbKhIe IIBJIHIK)TCK KoKcTaHTaMK. MrdemqKecK B KacToalyee BpeMR Ramme mMepeHKB 

IIpO@¶Jlt?tt CKOpOCTM H TBMll paTypbl B TJ'pfiyJIeHTHHX TeWHKRX BJ&OJIb CTeHKH llOeBOJIRW)T 

OllpeJWIliTb BCe HymHbIe KOF+#K~KeHTbI C IlpKJWlHOih TOWOCTLH). ~OJIyWMIde IIpH aTOM 

06-e aauonbr Tenno- II ntacconepenoca a ~py6e ri norpannqrror cnoe Ha macTaHKe 

y~OB~eT~OpKTe~bH0 COfJlaCyIoTCR C ~HOrOqKCneHH~MK eKCIIepKMeHTaMU El IIpefieJIaX 

~Ka~a~o~a~Kce~ ~pa3~~K OT 6*10-3~o 108 si ria npoTsimeesin ~BYX ~0pff~KoB Ka~eKeHKK 

smxa Pe$iuoabRca (xfnxi Flexme). 


